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1. INTRODUCTION 
The purpose of this paper is to characterize the four-dimensional projective 
unimodular unitary group PSU,(q2) and the four-dimensional projective 
unimodular linear group PSL,(q), where q = 2” > 2, over a finite field of 
characteristic 2 by the structure of the centralizer of a noncentral involution. 
By a noncentral involution we mean an element of order 2 which is not 
contained in the center of any Sylow 2-group of the group. 
In order to simplify the notation we will denote PSU,(q2) and PSL,(q) 
by U,(q) and&(q), respectively. The characterization is given by the following 
theorem. 
THEOREM 1. Let H, be the centralizer in U,(q) of a noncentral involution of 
U,(q), where q = 2” > 2. 
Let G be a finite simple group containing a subgroup H which satisfies the 
following two conditions. 
(1) H is isomorphic to H, , and 
(2) H = Co(z) for any involution x in the center of H. 
Then G is isomorphic to either U,(q) or L,(q). 
The assumption that the group is simple may be removed. We can prove 
the following theorem. 
THEOREM 2. Let G be a jinite group containing a subgroup H which satis$es 
conditions (1) and (2) in Theorem 1. Then one of the following holds. 
(i) H is normal in G, 
(ii) G has a series of normal subgroups 
G3G12G211, 
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where / G: GI 1 = 1 N,(H): H 1 is odd, G,/G, is isomorphic to L,(q2), and G, 
is the maximal normal 2-subgroup of H, 
(iii) G has a series of normal subgroups 
where / G: GI 1 = j N,(H): HI is odd, G,/G, is isomorphic to the direct product 
of two copies of L,(q), and G, is the maximal normal 2-subgroup of H, 
(iv) GE U,(q), oy 
69 G E L(q). 
The case q = 2 is slightly exceptional. Hence we will exclude this case and 
assume that q = 2” > 2 in our discussion. 
The proof of Theorem 2 is similar to the proofs which Suzuki used in 
characterizing the groups U,(q) and L,(q) in t erms of the centralizer of a central 
involution in [12] and [l I], respectively. It is known that the group U,(q) is 
isomorphic to the twisted Chevalley group 2A,(q2) of type A,, and it is 
treated in the latter presentation in this paper. In terms of the (B, N)-pair 
structure of 2A,(q2), the Weyl group is the dihedral group of order 8 and the 
subgroup H, is contained in one of the parabolic subgroups of 2A,(q2). After 
eliminating case (i) of Theorem 2 we consider the subgroup T of H which 
corresponds to the maximal normal 2-subgroup of a parabolic subgroup of 
2A,(q2) under the isomorphism H g H, . If No( T)/T is not a (TI)-group, 
then we can show case (iii) or (v) of Theorem 2 holds. If N,(T)/T is a (TI)- 
group, then we can show that case (ii) or (iv) of Theorem 2 holds. We can 
show that the group H, is isomorphic to the centralizer in L,(q) of a noncentral 
involution of L,(q). Hence cases (i)-(v) of Theorem 2 really occur. Woan has 
treated a similar problem [ 151. One of his lemmas [ 15, (1 .l l)] is incorrect. 
Thus cases (ii) and (iv) of our Theorem 2 are missing in his main theorem. 
However, his Lemma (1.11) is used only once to prove the false statement 
(3.12). Hence Woan’s other results are true under the assumption that the 
group NG(T)/T is not a (T1)-group, which is the conclusion of (3.12).‘In 
particular, his Theorems 2.0, 3.0, and 5.0 can be used to prove the cases (iii) 
and (v) of our Theorem 2. If No( T)/T is a (TI)-group and T is not normal in 
G, then we can construct what amounts to the (B, N)-pair of G, and define 
explicitly an isomorphism of G onto U,(q) by using the structure of two 
parabolic subgroups of G and the structure of the Weyl group of G. 
The concept of a (B, N)-pair in a group, originally due to Tits [14], is useful 
for our discussion. The general description of groups with a (B, N)-pair can 
be found in [I, 31. An element of order 2 in a group is called an involution. 
A finite group is called 2-closed if it has a normal Sylow 2-group. A finite group 
is called a (TI)-group if the intersection of any two distinct Sylow 2-groups is 
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trivial. Several lemmas of [l l] will be frequently used to determine the struc- 
ture of a (TI)-group. For the general structure theorems for (TI)-groups we 
refer to [lo]. The intensive study of the characterizations of linear groups can 
be found in [13]. 
The notation in this paper is standard. It is taken from [7] for the general 
finite groups and from [3] for the Chevalley groups. 
2. THE GROUP U,(q) 
Let F be a finite field with q2 elements, where q = 2” > 2. Let o be the 
automorphism of F defined by u(a) = 019 for 01 E F. Let F, be the subfield of F 
consisting of all elements left invariant by o. Then F,, has q elements. Denote 
u(a) by &. 
Let f be a nondegenerate Hermitian form in the four-dimensional vector 
space over F defined by 
where u = (01~ ,oL~, or, , cyq) and w = (/3i , pa, /3a, /?*). Then the set of all 
4 x 4 matrices A over the field F satisfying A*JA = J forms the general 
unitary group GU,(q2). Here J is the matrix associated with the form f, and 
A* is the matrix obtained from A by replacing each entry aij with G and then 
taking the transpose. The subset consisting of all matrices with determinant 1 
forms a normal subgroup with trivial center, since q is a power of 2. Hence we 
may denote it by U,(q). It is a simple group of order 
Note that 
P%z4 - lkz3 + lk2 - 1). 
U,(q) = PSU4(q2) = SU4(q2)- 
As noted in Section 1, the group U,(q) is isomorphic to the twisted 
Chevalley group 2A,(q2) of type A, over the field F (see [9, p. 8821). A more 
detailed description for 2A3(q2) than those found in [3, 91 follows. An explicit 
isomorphism of 2A3(q2) onto U,(q) is also given. 
Let @ be the set of roots of the simple Lie algebra of type A, over the 
complex field. Relative to some fixed ordering on @, the system of funda- 
mental roots may be denoted by r = {a, b, c} with a < b < c. The set of 
positive roots is then 
CD+ = {a, b, c, a + b, b + c, a + b + c}, 
and the set @ is 
@ = {ia, Gh fc, II+ + b), f(b + 4, Ii+ + b + 4. 
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We may define a certain nondegenerate bilinear form on the space over the 
rational field spanned by the roots. Use the same notation as in [3] to define 
the following. Let w, be the reflection determined by Y which leaves fixed every 
vector in the hyperplane orthogonal to Y and sends Y into -Y. Let x and 
xr,P be F-characters of a free abelian group generated by rr. Let x7(~), h,.(p), 
h(x) and n, be elements of the Chevalley group A,(q2) of type A, over-F. Here 
Y is a root in @, while 01 and p are elements of F. 
We recall that the field F is of characteristic 2. The elements n, and x,(01), 
01 # 0, are involutions. Let Y and s be in @+. If T + s is a root, then 
If Y + s is not a root, then 
For any roots r and s, we have 
where 
u4 = h(Xr,u), h(X) 44 4x)-l = xr(x(yM 
n,x,(+b = xw,cdW~ n&(x>n, = h(x’), 
x’(s) = x(w&>)* 
The nontrivial symmetry p of the Dynkin diagram for A, is given by 
p(a) = c, p(b) = b, and p(c) = a. Therefore the equivalence classes of 
@+ defined by Steinberg [9] are 
s, = 6% 4 s, = w, s, = Ia + b, b + 4, s,={u+b+c}. 
Define w1 = w,w, and w2 = We . Then they are involutions satisfying 
(wre~a)~ = 1. Hence the Weyl group w1 of 2A3(q2), which is generated by wr 
and w2 , is dihedral of order 8. The action of w1 on @ is given by 
wl(a) = --a, w,(b) = 0. + b + c, w,(c) = -c, 
w2(a) = a + h w,(b) = -4, wz(c) = b + c. 
Hence 
W,(Sl) = -s1, wl(s2) = s4 > WlW = s, 9 
W,(Sl) = s2, w2(S2) = -952, w2(s4) = s4 * 
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Let X1 = x~,,&.~ and ,Q = &,a with x = A. Then 
x1(4 = CL27 Xl(b) = p-p, Xl(C) = F2, 
X2(4 = h--l, X2(4 = x2, x2(c) = x-1. 
Now we define elements of the twisted Chevalley group2A,(q2) as follows. 
x1(4 = %(4 %(a 
x2(p) = xb(i% fl = 8, 
x2(d = %+b(d xb+c(j% 
%@) = ‘%+b+c(% 8 =s, 
Ml-L) = UP) Ma CL f 0, 
h2(h) = hb(X)> X=h#O, 
n, = %% > 
n2 = nb . 
From the above information we can easily prove the following properties 
of 2As(42). 
(2.1) Define 
Both U, and U, are elementary abelian of order q2, and both U, and U, are 
elementary abelian of order q. The multiplication in the Vi is given by 
(2.2) The subgroup U1 = U,U,U,U, is a Sylow 2-group of 2A,(q2) of 
order q6. Each element of U1 has a unique expression as a product 
X1(4 32(P) ‘%(Y) %(8)* 
The multiplication between the Vi is given by the commutator relations. 
That is, 
and all other types of commutators between elements of the various Vi are 
trivial, 
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The center of u1 is U, . 
(2.3) The subgroup K1 = {la,(p) h,(h): p E F, X E F,, , PA # 0} is abelian 
of order (q2 - l)(q - 1). Multiplication is given by 
The subgroup B1 = UlKl is the normalizer of UI in 2A,(q2). The action of 
K1 on u1 is given by 
h-lx,(lx)h = xl(p-?kt), 
h-1x2u3)h = ~2(P~~-2P~, 
h-kc,(y)h = X&cyih--ly), 
h-?x4(S)h = x4(p-1#ii--1S), 
where 
h = MCL)h2@)* 
(2.4) There is a natural isomorphism of the subgroup (nr , n2) onto the 
Weyl group Wr where n, and n2 correspond to w, and w2 , respectively. In 
particular n, and n2 are involutions such that (n1n2)4 = 1. 
Let Nr = (Kl, nr , n2). Then K1 = N1 n B1 and K1 is a normal subgroup 
of iV. The action of (nr , n2) on K1 is given by 
%kWh2(Y % = Me9h2NP 
n2h&L)h2(~)n2 = ~,w~,(Piw* 
(2.5) The involutions nr and n2 transform the elements of U1 as follows. 
?zlXl(cx) 711 = xl(a-1) h,(ccl) ?zlXl(dl), 
fl92(B)n2 = x2W1) h,(P) n2x2W1), 
vh) x4(8) % = x2@) %m 
n,%(Y) x4@) n2 = %(Y) x4@)* 
In particular (nrxr( 1))3 = 1 and (n2x2( 1))3 = 1. 
(2.6) The subgroups B1 and Nr form a (B, N)-pair of 2A,(q2). The 
group 2A,(q2) is the disjoint union of eight double cosets of the form B1 dB1, 
where d E (n, , nz). It is easy to see that B1 dB1 = B1 dU1,, where uld is the 
subgroup of U1 given in the following table. 
d: 1 n, n2 n1n2 n2nl w2n1 n2v2 hd2 
Ul, : 1 u, u, u,lJ, lJ,u, UlwJ4 u,u,u, Ul 
Note that uld is a complement of U1 n d--IV d in U1. 
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Each element of 2A,(q2) is uniquely expressed as a product bdy, where 
bEB1, dE(n,,n,), andyE uld. 
(2.7) The elementary abelian subgroup lJ,UsU, is the maximal normal 
2-subgroup of a parabolic subgroup Bl u B’n,U, . 
The subgroup lJ,U,U, is the maximal normal 2-subgroup of a parabolic 
subgroup B1 u Bln,U, . 
(2.8) It is easy to verify that an isomorphism of 2A,(q2) onto U,(q) is 
given by a map which sends 
x1(4 
and 
n2 
into 
into 
into 
into 
into 
i a 1 1 ii 1 1 i ’ 
1 
1 
L i 
rB1 ’ 
1 
I’ i 
A-$ 
G-l ’ 
F 
i 1 1 1 ’ 1 i 
t 1 1 1 1 i * 
3. SOME PROPERTIES OF Ha 
From the information given in Section 2 it is easy to see that the element 
x3( 1) is a noncentral involution of the group U,(q). Hence we may define H, to 
be the centralizer of x3(1) in the group U,(q). It is easy to calculate that H, is 
H, = xl(F,) U2 U, 7J4 J u xlP’J u2 us u4 Jn,xdFo), 
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where x,(F,) = {xi(a): ol~F,}andJ={h,(h):X~F,,X#O}.ThegroupH, 
is a subgroup of a parabolic subgroup B1 u B1n,UI of U,(q) in (2.7) and its 
matrix presentation can be obtained by (2.8). The order of H, is 
I H, I = q5(q2 - 1). 
After fixing the number q, we will denote the group H,, by H without 
subscript. Several subgroups of the groups H will appear repeatedly in our 
discussion. We will list them in the following table. The letter denoting each 
of the specified subgroups will keep its meaning throughout this paper. 
Subgroups Orders 
Q = x,(Fo) u2u2U4 
T = U,U,U, 
Z = @o) = MY): Y E FJ 
U = x,(F,) ZU, 
v = u,zu, 
E = UJ, 
J={h,(h):A~F,,h#0} 
q5 
q4 
Q 
q3 
cl3 
q3 
q- 1. 
(3.1) The subgroup T is a normal elementary abelian subgroup of H. Let 
C = (x,(F,), nl). Then C is isomorphic to L,(q) and is a complement of T in H. 
Proof. The first assertion follows from (2.7). We can see by direct com- 
putation using (2.8) that C z SU,(q2) g L,(q). It is easy to verify from (2.5) 
that C = x,(F,) J u x,(F,) Jn,x,(F,). Hence C is a complement of T in H. 
(3.2) The group H is isomorphic to the centralizer in L4(q) of a noncentral 
involution of I;,(q). 
Proof. Since q is a power of 2, we may identify L,(q) with the group of 
all 4 x 4 matrices with determinant 1 over F, . The element 
i 1  1 1 1  
is a noncentral involution of L,(q), and the centralizer HI of this involution in 
L,(q) is the set of matrices of the form 
A ( 1 B A’ 
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where A and B are 2 x 2 matrices over F, with det A = 1. We will denote 
the matrices with 
A=l 1 
( > 
and B = (; “) 
P 
by (A A, CL, 81, 
A=; 1 
( 1 
and B = (0) by 44, 
and 
A=11 
( 1 
and B = (0) by t. 
Let Tr = ((8, A, p, 6): /3, A, CL, 6 E F,} and C, = (w(a), t: LY E F,,). Then 7’r 
is a normal elementary abelian subgroup and C, is isomorphic to L,(q). 
Moreover, C, is a complement of TI in Hr . 
The trace map from F into F, given by 01+ 01 + &, a E F, defines a homo- 
morphism of the additive group of F onto the additive group of F,, , and its 
kernel is F,, . Hence there is an element w in F such that F = F,(W) and 
w + 8 = 1. In particular, every element y of F is uniquely expressed as 
where e and 7 are in F, . 
Consider the map f from the group H into the group HI which sends 
~~(19) x3(y) x4(8) into (/3, 5, 5 + r], 6)) x1(a) into ~(a), and n, into t, where 
y = 5 + TW. Let C be the subgroup of H defined in (3.1). Then the restric- 
tion off to T defines an isomorphism of T onto TI , and the restriction off 
to C defines an isomorphism C onto C, . Moreover, the following equalities 
hold. 
b(4, (A f, 6 + 7, q1 = (0,4t 4,e + q), 
t(P, 0 t + ‘I) w = (h f + ‘I9 o/q, 
Y+7=71 if Y=~+~oJ. 
The above equalities and the corresponding equalities in (2.2) and (2.5) imply 
that the map f is an isomorphism of H onto HI . This proves the assertion. 
We remark that this isomorphism f can be described in terms of matrices 
by using (2.8). 
(3.3) The subgroupQ is a Sylow 2-group of H. The center of Q is Z(Q) = ZU,. 
Moreover, Z(Q) = [Q, Q] and Q/Z(Q) is elementary abelian. 
Proof. This follows from (2.1) and (2.2). 
(3.4) The center of H is Z. If u is an element of Z(Q) - Z, then C,(u) = 
C,(Z(Q)) = Q. Moreover, we have NH(Q) = N&Z(Q)) = NH(U4) = QJ. 
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Proof. By considering the actions of an involution n, and the subgroup 
J on Q, it is easy to show this assertion. 
(3.5) The subgroup V is normal in H, and it is the union of q + 1 conjugates 
of Z(Q) in H. 
Any conjugate of U, in H is contained in V, and it is either U, or UzW with 
w E x,(FJ 
Proof. Since 1 Ii: Q J 1 = q + 1, the assertion follows from an easy 
computation by using (3.4). 
(3.6) The subgroup E is normal in Q, and T = EV and E n V = Z(Q). 
Let e be an element of E - Z(Q). Th en e is conjugate to some element of 
T - (E u V) in H, and ( C,(e)1 = q4(q - 1). 
Proof. The first assertion follows from (2.2). By (2.2) the element e is 
conjugate to an element u of Us - 2 in Q. The element u is of the 
form u = x3(y) with 9 # y. Since C,(u) = TJ and u is conjugate to 
xa(y + 7) x3(y) by the conjugation of x,(l) n, , the second assertion holds. 
(3.7) The subgroup U is a normal elementary abelian subgroup of Q, and 
Q=TUandTnU=Z(Q). 
Any involution w of Q - T is contained in U, and C,(w) = U and 
G(w) = z(Q). 
Proof. This follows from an easy computation by using (2.1)-(2.5). 
(3.8) Every maximal elementary abelian 2-subgroup of H is conjugate in H 
to T or U. 
Proof. Let A be a maximal elementary abelian 2-subgroup of H. By 
Sylow’s theorem, A is conjugate to a subgroup of Q. Hence we may assume 
that A is contained in Q. If A c T, then A = T by the maximality of A. 
Assume that A g T. Then A contains an involution w. which is in Q - T. 
By (3.7) we have A C Co(w) = U. Hence A = U by the maximality of A. 
(3.9) The subgroup T is the maximal normal 2-subgroup of H and is the 
unique elementary abelian subgroup of order q4 in H. 
The subgroups T and U are the only maximal elementary abelian subgroups 
ofQ. 
Proof. It is easy to see that the intersection of any two distinct Sy!ow 
%-groups of H is T. Thus T is the maximal normal 2-subgroup of H. 
Since T is normal in H, and U is normal in Q, the rest of the assertion is an 
immediate consequence of (3.8). 
(3.10). For each involution x&9) x3(y) x4(8) of T, define the associated poly- 
nomial X2 + (y + 7) X + (~7 + /3S) over F,, . I f  two involutions of T are 
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conjugate in H, then they have the same associated polynomial. Any two involu- 
tions of T - Z with the same associated polynomial are conjugate in H. 
The conjugate classes of involutions of T - Z in the group H are shown in 
terms of their associated polynomials as follows. 
(i) The class belonging to the polynomial X2 consists of q2 - 1 involutions 
of V conjugate to x4(l); 
(ii) the class belonging to the polynomial X2 + h with fixed nonxero h in 
F, consists of q2 - 1 involutions of V conjugate to x3(y) x4(l) with y2 = h; 
(iii) the class belonging to the polynomial X2 + LX with fixed nonzero h in 
F,, consists of q(q - 1) involutions in T - (VU E); 
(iv) the class belonging to the reducible polynomial X2 + hX + p over 
F, with fixed nonxero h and p consists of q(q - 1) involutions in T - (V u E); 
(v) the class belonging to the irreducible polynomial X2 + M: + t.~ over 
F, with fixed nonzero h and TV consists of q(q + 1) involutions in T - V. Among 
them 2q involutions are contained in E - Z(Q). 
Proof. Let u be an element of T - V which is not conjugate to 
any element of E. Then / C,(u)1 = q4(q + 1). Now it is easy to show the 
assertion by using (3.4), (3.5), and (3.6). It is also easy to calculate the 
following. 
There are q - 1 classes of type (ii) and q - 1 classes of type (iii). Also 
there are &(q - l)(q - 2) 1 c asses of type (iv) and &q(q - 1) classes of type (v). 
(3.11) Each involution a of V - Z(Q) is conjugate to either x4(l) or an 
involution of Z(Q) - U, in H. 
If  v  is conjugate to x4( 1) in H, then for any involution x of Z U U, the involu- 
tion vx is conjugate to an involution of Z(Q) - U, in H. 
If v  is conjugate to an involution of Z(Q) - U, in H, then there is an involution 
x of U, such that vx is’conjugate to x4( 1) in H. 
Proof. Every element of V - Z(Q) is of the form x2@) xs(y) x4(S) with 
/3 # 0 and 7 = y. Hence the assertion follows from (3.10)(i) and (ii). 
(3.12) All involutions of Q - T are conjugate in NH(Q), 
Proof. All involutions of Q - T are contained in U - Z(Q). The group 
NH(Q) normalizes U and Z(Q), and 1 NH(Q): U 1 = q2(q - 1) = 1 U - Z(Q)I. 
Hence the assertion follows from (3.7). 
(3.13) The subgroups E and U4 are characteristic in Q. 
Proof. Let f  be an automorphism of Q, and suppose that f  (E) # E. 
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Let A = EU. Then it is easy to verify that [A, A] = U, . Hencef(Uq) = 
[f (A),f (A)] and it is of order 9. By (3.9) the subgroups T and U are charac- 
teristic in Q. Hence Z(Q) Cf(E) C T and x,(F,) C U Cf (A). 
Since f(E) # E, the group f(E) contains an involution x&3) x3(y) with 
/I # 0. Since x,(F,) C f (A), this yields that 
Hence we have f  (U,) n U, = 1 and f  (U,) n 2 = (x3(y + 7)). 
I f  f(E) n E # Z(Q), then the same argument as above yields that 
f  (U,) = U, . But this is not the case. Hence f  (E) n E = Z(Q). 
If  f(E) = V, then f  (A) = UV and, it is easy to see from (2.2), f  (U,) = 
Z(Q). Again this is not the case. Hence f  (E) # V. 
These two facts mean that f  (E) contains the second involution x,(h) x&L) 
with X # 0 and p + ,G # y  + 7. By the same argument as before, this yields 
that f(U,) n 2 = (x&p + p)). Hence p + p = y  + 7, which is a contra- 
diction. Thus f  (E) = E, and f  (U,) = U, by the earlier result in this proof. 
(3.14) The subgroup J is cyclic of order q - 1. 
It centralizes U, , and acts regularly on xl(FO)#, U,# and U,#. In fact, 
h,(X)-1 x1(a) h,(X) = x1(X-2), 
h,(W x,(P) x4(8) hl(4 = X2G2/3) %(h-2v* 
Proof. This is a restatement of (2.3). 
(3.15) Let A be a subgroup of T of order q. If  A is normalized by J, and 
A n E = 1, then 
for some 6 in F. . 
A = {x2(/3) x&W: B EFJ 
Proof. An involution of A is of the form x2(/3) X&J) x4(B), and /3 varies over 
F, for all elements of A. Hence A contains x2( 1) x3(y) x&S) for some y  and 6. 
By (3.14) it follows that 
A# = MB) X&Y) x&W: P EF, > B f ‘4. 
Since q > 2, this requires that y  = 0. This proves the assertion. Furthermore, 
an easy calculation yields that A = U, if q > 4. 
(3.16) Let A be a subgroup of T. If  A is normalized by J, and A n U, U, = 1, 
then A is contained in U, . 
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Proof. Let x be an involution of A. Then x = x,(/I) x3(y) ~~(8) for some /I, 
y  and 6. Since q > 2, the subgroup J contains a nonidentity element h. Let 
h = h,(X). Then we have A # 1, and 
XXh = x&3 + P/3) x4(8 + h-26). 
Hence it follows that xxh E A n U,U, = 1. This requires that /? = 6 = 0. 
Hence x is contained in Us . 
4. NECESSARY LEMMAS 
The following two lemmas will be used in this paper. 
(4.1) Let u and v be two involutions of a finite group G such that u is not 
conjugate to v in G. Then there is an involution w in G such that 
(i) w commutes with both u and v, and 
(ii) wu is conjugate in G to either u or v. 
Moreover, ifwu is conjugate to u [resp. v], then wv is conjugate to v[resp. u]. 
Proof. This is a well-known result. The proof may be found in [7, 111. 
(4.2) Let L, be the two-dimensional projective unimodular linear group 
L2(q2), where q = 2” > 2. Let T be an elementary abelian group of order q4 on 
which L, acts nontrivially. Let F be aJiniteJield with q2 elements. Regarding T as 
a vector space over the $eld GF(2) with two elements, define an FL,-module 
structure on the tensor product T* of F and T over GF(2) by 
(LX @ m) * (/3x) = C$ @ mx, 
where 01, /3 EF, m E T, x EL, . Let Mi = {(cu, /3): 01, J3 EF} be a two-dimensional 
FL,,-module defined by 
where x = (yjk) EL, and e, = 2i-1. Then 
as FL,-modules. 
Proof. This is proved in [15, (l.lO)]. 
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5. NONSIMPLE CASES 
For the remainder of this paper G is a finite group which contains a sub- 
group H satisfying the conditions (1) and (2) of Theorem 1. The subgroup H 
of G is identified with H, , and the letters F, F, , x$(a), Vi , Q, T, U, V, E, Z 
and J retain their meanings given to them in Sections 2 and 3. 
If H is a normal subgroup of G, then the case (i) of Theorem 2 holds. Hence 
we will assume that His not a normal subgroup of G throughout this section. 
Since (3.2) holds, we can use [15, Theorem 2.01 to conclude that Q is not a 
Sylow 2-group of G. Let S be a Sylow 2-group of Nc(Q). We will study the 
structure of No( T), and prove the following proposition by a series of lemmas. 
(5.1) Suppose that His not a normal subgroup of G. Let S be a Sylow 2-group 
of No(Q). Then S is a Sylow 2-group of G of order q6, and one of the following 
holds. 
(i) No(T) has a series of normal subgroups 
No(T)2 G,1 T3 1, 
where / No(T): G, 1 = 1 No(H): H / is odd and G,/ T is isomorphic to L,(q2), or 
(ii) No(T) has a series of normal subgroups 
No( G,1 T> 1, 
where 1 No(T): G, 1 = 1 No(H): H 1 is odd and G,/T is isomorphic to the direct 
product of two copies of L,(q). 
(5.2) Let z be an involution of Z and u be an involution of Z(Q) - Z. Then 
C,(z) = C,(Z) = H, No( U,) n H = NH(Q) and C,(U,) n H = 
C,(u) n H = Q. Moreover, No(Z(Q)) = No(Q) C No( U,) and Co(Z(Q)) = Q. 
Proof. The first assertion follows from (3.4) and assumption (2). This 
yields that C,(Z(Q)) = Q. 
If an element x of G normalizes Z(Q), then p has the center Z(Q). Hence 
p = Co(Z(Q)) = Q. This proves that N,JZ(Q)) = No(Q). It follows from 
(3.13) that No(Q) c No( U,). 
(5.3) Let x be an element of G. Then Z” = Z or Zx n Z = 1. Moreover, 
No(Z) = No(H) C No( T).Let m = 1 No(Z): H I. Then m diwides q - 1. 
Proof. Suppose that Zz n Z # 1. Then Ha = H by (5.2). Since 
Z = Z(H), this yields that Z* = Z. This proof also shows that No(Z) = 
No(H). It follows from (3.9) that No(H) C Na(T). 
By (5.2) each element of No(Z) acts semiregularly on Z#. Since I Z / = q, 
this implies that m divides q - 1. 
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(5.4) The subgroup Z(Q) is the union of U, and q conjugates of Z in S, and there 
are exactly q conjugates of Z which are contained in Z(Q). 
The order of S is q6 and N,(Z) = C,(Z) = Q. 
Proof. By the property of p-groups, Q # S. Let x be an element of 
S - Q. By (5.2) the subgroup N&Q) normalizes Z(Q) and U, , which implies 
that Z” C Z(Q) and Z” n Z = Z” n U, = 1. Using (3.14), it is now easy to 
see that Z(Q) contains at least q conjugates of Z in NC(Q). By (5.3) it follows 
that there are exactly q conjugates of Z which are contained in Z(Q) and 
) N,(Q): No(Z) n No(Q)\ = q. Since the integer m in (5.3) is odd, we have 
N,(Z) = S n H = Q and 1 S: Q 1 = q. This yields the assertion. 
(5.5) No involution of U, is conjugate to an involution of ZU, - U, in G. 
Proof. Since Z(S) centralizes Z(Q), it follows from (5.2) that Z(S) c Z(Q). 
By (5.4) this implies that 1 # Z(S) C U, . The group H has a Sylow 2-group 
of order q5 and J acts regularly on U, #. Hence no involution of U, is conjugate 
to an involution of Z in G. Now the assertion follows from (5.4). 
(5.6) The subgroup V is the union of q2 conjugates of Z in (S, H) and q + 1 
conjugates of U, in H. Furthermore, if a conjugate of Z in G has nontrivial inter- 
section with V, then it is contained in V. 
Proof. The first assertion follows from (5.4) and (3.5). The second one can 
be easily shown from (5.3). 
(5.7) The subgroup T is a self-centralizing subgroup of G. If x is an element 
ofNo( thenp =QorpnQ = T. 
Proof. It follows from (5.2) that C,(T) = Q n C,(U,) = T. Hence T 
is self-centralizing. 
Suppose that p n Q # T. Then p contains an involution w of Q - T. 
Since T is self-centralizing, the center Z(Q)” of p is contained in T. Hence it 
follows from (3.7) that Z(Q>” _C C,(w) = Z(Q). Thus we have 8” = Q by 
(5.2). 
(5.8) If TI is an elementary abelian subgroup of G of order q4 such that TI n T 
contains an involution conjugate to an element of Z, then TI = T. 
Proof. If TI n T contains an involution conjugate to an element of Z, 
then both TI and T are contained in a conjugate of H by (5.2). By (3.9) this 
implies that TI = T. 
(5.9) The subgroup T is the only elementary abelian subgroup of order q4 in S. 
Proof. Suppose that S contains another elementary abelian subgroup TI 
of order q4. Let A = Q n TI . Then 1 A 1 > q3, and A = U or A C T by 
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(3.9). Hence A c T by (5.8). Again by (5.8) and (5.4), for any x in H we have 
/l n Z(Q)” = U,=. In particular 7J,U, c A. By (3.11) and (5.4) this implies 
that A contains an involution conjugate to an element of 2. This contradicts 
(5.8). 
(5. IO) The subgroup (S, J) of No(Q) centralizes ZlJ,/ U, . Moreover, 
(S, ]) = S J and it is normal in No(Q). 
Proof. Let ,4 = (S, J). By (5.2) th e action of A on ZU,/lJ, is defined by 
conjugation. Let x be an involution of Z. Then z = x3(r) with nonzero y of 
F, . Consider an element x of S. Then P = x3(y)” = x&3) x4(S) for 
some /3 and 6 of F, . By (5.4) and (5.3) ‘t I is easy to show that x E Q if 6 = 0, 
andzx = zifxEQ. 
Let r be the size of the orbit containing zlJ, under the action of S on 
ZU,j U, . By the above argument r is a power of 2 with 1 < r < q - 1, and 
there is an element x of S - Q which centralizes xU, . Using (3.14) it can be 
easily seen that / A: C,(z)/ = r(q - 1) + 1. On the other hand, 
1 A: NA(Z)I = q and 1 NA(Z): C,(z)1 = c with an odd integer c by (5.4) and 
(5.3). Thus these two equalities require that r = c = 1. Moreover, C,(z) = 
A n H = NH(Q). This means that A centralizes ZU,/U, , and A has order 
q6(q - 1). In particular A = SJ by [7, Lemma 4.21. 
Suppose that an element y of No(Q) centralizes ZU,/U, . By the above 
argument there is an element x of S] such that xv = z”. This implies that 
we have yx-l E NH(Q) C S J, and y E S]. Hence SJ is a normal subgroup 
of NdQ). 
(5.11) The center of S is U, , and S/Q is elementary abelian of order q. 
Proof. As shown in the proof of (5.5) the center Z(S) is contained in U, . 
Let x be an element of S - Q. For any involution v of Z(S) there is an involu- 
tion z of Z such that P = zv by (5.4) and (5.10). It follows that x2 centralizes 
z, which means x2 E S n H = Q. This proves that S/Q is elementary abelian. 
Consider any involution v of U, and any element x of S. If x E Q, then x 
centralizes v. If x s S - Q, then there is an involution u of Z such that 
ZP = uv by the same argument as above. Since x2 centralizes Z, this yields that 
vx = V. Hence the assertion holds. 
(5.12) The subgroup NG(Q) is 2-closed with Sylow 2-group S, and its order is 
q’Yq - 1)l N&): H I. 
Proof. By (5.2) and (5.10) the subgroup No(Q) normalizes C,(U,) and 
S J. From the action of J on U, it is clear that S = C,( V,) n S J. Hence S is 
a normal Sylow 2-group of No(Q). 
The subgroup Q is a Sylow 2-group of H. Hence it follows from (5.3) that 
any two involutions of Z are conjugate in G if and only if they are conjugate 
481/42/I-15 
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in No(Q) n No(Z). This yields that 1 No(Q) n NG(Z): NH(Q) / = [ N,(Z):H I. 
Moreover, the index of No(Q) n N,(Z) in No(Q) is q by (5.4). This proves the 
assertion. 
(5.13) The subgroup J acts regularly on (S/Q)+. 
Proof. By (5.12) th e subgroup J normalizes S and Q. Let XQ be an 
involution of S/Q. Suppose that an element h of J centralizes xQ. Then 
xhxpi is contained in Q. Hence the element h centralizes 2”. Since 2” n 2 = 1 
and Z” C Z(Q) by (5.4) it can be seen that h = 1 by using (3.14). This proves 
the assertion. 
(5.14) The center of SIT contains Q/T. 
Proof. The subgroup J of No(S) acts regularly on x,(F,)#. Since Q is 
normal in S, there is an involution of Q/T contained in the center of SIT. 
Hence the assertion follows from the fact that Q = Tx,(F,). 
(5.15) We have No(Q) C No(E) and N,(V) = Q. Let x be an element of 
S - Q. Then Vx n V = Vx n E = Z(Q). Furthermore, if V, is the union of 
conjugates of V in S, then T = V, v E and V, n E = Z(Q). 
Proof. From (3.13) and (3.5) it follows that No(Q) cN,(E) and 
Q _C N,(V). Since V n E = Z(Q), this implies that V3 n E = Z(Q) for any 
XOfS. 
Let x be an element of S - Q. Suppose that Vz = V. Then lJsx C V and 
Usx n Z(Q) = 1. Hence all involutions of Usx are conjugate to x4(l) in H 
by (5.6). This implies that each involution of UsxZ - Uzx is conjugate to an 
involution of Z by (3.11) and (5.4). On the other hand, Zxel n Z = 1 = 
Z”-’ n U, . Hence it follows from (3.10)(i) that there is an involution of 
U,Zx-’ - U, conjugate to an element of U, . But this contradicts (5.5). 
Therefore Vz # V. By (5.6) the subgroup Z(Q) has a complement in V which 
is a conjugate of Z. Again by (5.6) this implies that Vz n V = Z(Q). This 
proves the first assertion. 
Counting the order, the second assertion can be easily shown. 
(5.16) Each involution of T is conjugate to either ~~(1) or an involution of Z 
in No(T). 
Proof. It follows from (3.9) that N,(T) contains H and Arc(Q). Hence the 
assertion follows from (5.15), (5.6) and (3.6). 
(5.17) If a conjugate of Z in G has nontrivial intersection with T, then it is 
contained in T and is conjugate to Z in No(T). 
If a conjugate of Z in G has nontrivial intersection with E, then it is contained 
in E. 
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Proof. Let A be a conjugate of 2 in G such that A n T # 1. By (5.16) 
there is an element x of Nc( T) such that A n 2” # 1. This implies that 
A = 2” C T by (5.3). 
By (5.15), (5.6) and (5.4) a similar argument yields the second assertion. 
(5.18) Let A be a subgroup of T such that A g E. 
If A n U, # 1, then A contains an involution conjugate to an involution of 2. 
If U, C A, then A - U, contains an involution conjugate to an involution 
of u4 * 
Proof. The subgroup S centralizes U, and normalizes E. Hence, without 
loss, we may assume that A n V $ Z(Q). The assertion now follows from 
(3.11) and (5.4). 
(5.19) All conjuiates of Z(Q) in N,JS) are contained in E. Let x be an element 
of NG(S). Then Cs(Z(Q>“) = p, a&Z(Q)” n Z(Q) = Z(Q) OY U, . 
Proof. From (5.9) and (5.11) it follows that No(S) c N,(T) n NG(U4). 
Let x be an element of No(S). Then we have U, C Z(Q)” C T. Since no 
element of Z(Q>” - 77, is conjugate to an involution of U, by (5.4), this 
yields that Z(Q)” C E by (5.18). Again by (5.4) it follows that C,(Z(Q)“) = 
C,(Z”) = Q. The last equality follows from (5.3) and (5.4). 
(5.20) Let x be an element of NG( T). If S n p 2 T, then p c S and 
x E NG(S). 
Proof. If Q” = Q, then x E Nc(S) by (5.12). Assume that Q # Q. By 
(5.14) there is a nonidentity element of &“/T which is centralized by Q/T. 
Hence, using (5.7), it can be easily shown that Q normalizes p”, and Q” nor- 
malizes Q. By (5.12) this implies that Q C S” and p C S. Hence Sx = 
QQ = S by (5.7). This proves the assertion. 
(5.21) We have 
WQ) C No(s) = NAT) n K&). 
Proof. From (5.9) (5.11) and (5.12) it follows that Nc(Q) C N,(S) C 
NAT) n X#U. 
Let x be an element of No(T) n Nc( U,). Then we have U, C Z(Q)” C T. 
Since no element of Z(Q)” - U, is conjugate to an element of U, , it follows 
follows from (5.18) that Z(Q)” C E. From the action of x,(F,) on E it is easy 
to see that Q normalizes Z(Q>“. This implies that Q normalizes Q by (5.2). On 
the other hand, the subgroup NG(p) is 2-closed with Sylow 2-group Sx by 
(5.12). Hence Q is contained in S 5. This implies that x E NG(S) by (5.20). 
Hence the assertion holds. 
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(5.22) Let m = / NG(Z): H I. Then 
and I NO( = q6(q2 - 1) momI 
wherem,,=q2+1 orq2-I. 
Proof. Let V, be the union of conjugates of V in S. From (5.15) and (5.6) 
it follows that V, contains exactly q3 - q2 + q conjugates of 2 in NG(T), 
and it contains at least q2 + 1 conjugates of U, in No(T). 
Let x be a fixed element of S - Q. From (3.5), (5.6), and (5.14) it can be 
easily seen that each involution of VX - Z(Q) conjugate to ~~(1) is contained 
in some conjugate of U2x in Q. By (5.13) and (5.15) it is also easy to see that 
the action of / on the set { Vv : y E S - Q} is t ransitive. Hence each involution 
of T - (V u E) conjugate to ~~(1) is contained in some, conjugate of ICJ,~ 
in QJ. By (3.10) this implies that there are at most q - 1 distinct associated 
polynomials for all involutions in the set T - (P’ u E) which are conjugate 
to xp( 1). On the other hand, each involution of E - Z(Q) is conjugate to some 
element of T - (V u E) by (3.6). Moreover, each involution of E - Z(Q) 
has the associated polynomial of type (v) in (3.10). These facts together with 
(5.5) imply that there are at most 2q(q - 1) involutions of E - Z(Q) con- 
jugate to ~~(1). Hence it follows from (5.17) that E contains at most q” + q and 
at least q2 - q conjugates of Z in Nc( T). Thus T contains at most q3 + q and 
at least q3 - q conjugates of Z in N,(T). By (5.3) this yields that 1 NG(T): 
No(Z)1 = qm, and 1 iVG(T)I = q6(q2 - 1) m,m, where q2 - 1 < m, < q2 + 1. 
Suppose that m, == 42. Then E - Z(Q) contains exactly q(q - 1) involu- 
tions conjugate to ~~(1) in NG(T), and T contains exactly q3 - 1 involutions 
conjugate to ~~(1) in iVG(T). Hence q3 - 1 divides the order of No(T). 
But this is not the case. Hence m, = q2 + 1 or q2 - 1. 
(5.23) If m, = q2 + 1 in (5.22), then no involution of E - U, is conjugate 
to ~~(1) and there are exactly (q2 + l)(q - 1) involutions of T conjugate to 
x4( 1) in NG( T). 
If m, = q2 - 1 in (5.22), then E contains exactly q2 - q conjugates of Z in 
N,(T), and T contains exactly (q + 1)2(q - 1) involutions conjugate to x4( 1) 
in NG( T). 
Proof. This is a consequence of the proof of (5.22). 
(5.24) Assume that m, = q2 - 1 in (5.22). Then 
I NG(T): NdS)I = (q 4- II2 ad I ~c&‘$ NdQ)I = 4 - 1. 
Proof. Let x be an element of No(T) such that Z” C E. The subgroup E is 
normalized by S and I S : T I = q2. M oreover, E contains exactly q(q - 1) 
conjugates of Z in NG( T) by (5.23). H ence it follows that N,(Z”) 3 T. On the 
CHARACTERIZATION OF UNITARY GROUPS 227 
other hand, N,(P) = S n Hx = C,(Z”) by (5.3). It follows from (5.18) 
that C,(Z”) = Qh* f or some h in H, and hx E N,(S) C NG( U,). Since Z is the 
center of H, this yields that C,(Z(Q)““) = Qhx. 
This together with (5.19) implies that / N,(S): NG(Q)/ = q - 1. From 
(5.12) and (5.22) it is easy to calculate that j No(T): N,(S)1 = (q + 1)“. 
(5.25) If x is an element of N,(T), then lJdx = U, or Udx n U, = 1. 
Equivalently, for any involution z of U, 
C&4 n N@) = C&) n No(S) C No(ud 
Proof. Since J acts regularly on U4#, the statements of (5.25) are equiv- 
alent by (5.21). 
Assume that m, = q2 - 1 in (5.22). Then it follows from (5.23) that 
1 No(T): C,(x) n No(T)1 = (q + 1)2(q - 1) for any involution z of U, . 
On the other hand, / N,(S): C,(z) n No(S)1 = q - 1 since J C Nc(S) C 
NG( U,). From (5.24) it is now easy to see that 
C,(Z) n No(T) = C,(z) n N&9 
Hence the assertion follows from (5.21). 
If m, = q2 + 1 in (5.22), then the assertion follows from (5.23) and (5.18). 
(5.26) Assume that m, = q2 + 1 in (5.22). Then 
I No(T): No(S)I = q2 + 1 and I No(S): No(Q)1 = q + 1. 
Proof. There are at least q2 + 1 conjugates of U, in No(T). Hence it 
follows from (5.25) that 1 No(T): No(T) n No(U& = q2 + 1. By (5.21) this 
yields that 1 No(T): No(S)/ = q2 + 1. From (5.12) and (5.22) it is easy to 
calculate that 1 No(S): No(Q)] = q + 1. 
We remark that in counting the number of conjugates of Q in No(S), the 
argument in (5.24) may not be applicable for this case because there are 
exactly q2 + q conjugates of 2 in N,(T) contained in E, and among them q 
conjugates of Z are contained in Z(Q). 
(5.27) The group No(T)/T contains an elementary abelian Sylow 2-group 
SIT of order q2. 
Thegroup No(T)/T is a (TI)-group if and only if m, = q2 + 1 in (5.22). 
Proof. By (5.24) and (5.26) the subgroup S contains at least two con- 
jugates Q1 and Q2 of Q in NG(S). It follows from (5.7) that S = QlQ2 and 
Qr n Q2 = T. Moreover, S/Qi is elementary abelian of order q by (5.11). 
Hence S/T is elementary abelian of order q2. By (5.22) it is clear that S is a 
Sylow 2-group of NG( T). 
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Assume that m, = q2 + 1 in (5.22). Then S is the union of q + 1 con- 
jugates of Q in N,(S) by (5.26). H ence it follows from (5.20) that Sx n S = S 
or T for any element x of N,(T). Thus NG(T)/T is a (TI)-group. 
Suppose that No( T)/T is a (TI)-group. Since Nc( T)/T is not 2-closed and 
its Sylow 2-group is elementary abelian of order q2, we can apply [ll, (4.211 
to conclude that N,(T)/T contains a normal subgroup G,/T which is iso- 
morphic to L2(q2). The group L2(q2) contains exactly q2 + 1 Sylow 2-groups. 
This yields that m, = q2 + 1 by (5.24) and (5.26). 
(5.28) Proposition (5.1) holds. 
Proof. The subgroup S is a Sylow 2-group of NG(T), and No(S) is con- 
tained in NG(T). By the property of p-groups this implies that S is a Sylow 
2-group of G. 
Assume that m, = q2 + 1 in (5.22). As shown in the proof of (5.27) 
Nc( T)/T contains a normal subgroup G,/T which is isomorphic toL2(q2). This 
yields case (i) of (5.1). 
Assume that m, = q2 - 1 in (5.22). By (5.27) the group N,(T)/T is not a 
(TI)-group. Hence case (ii) of (5.1) holds by [15, Theorem 3.01 and (3.2). 
Note that both cases (i) and (ii) of (5.1) really occur because of (3.2). 
6. STRUCTURE OF NG(U,) 
If T is normal in G, then (5.1) yields cases (ii) and (iii) of Theorem 2. 
Furthermore, if T is not normal in G and No( T)/T is not a (TI)-group, then G 
is isomorphic to&(q) by [15, Theorem 5.01 and (3.2). Hence for the remainder 
of this paper we will assume the following two conditions in addition to (1) 
and (2) of Theorem 1. 
(3) T is not normal in G, and 
(4) NG( T)/T is a (TI)-group. 
In order to finish the proof of Theorem 2, it suffices to show that the group 
G is isomorphic to U,(q) under these conditions. In this section we will study 
the structure of No(UJ. 
From condition (3) and (3.9) it follows that H is not normal in G. Hence we 
can use results in Section 5. Throughout this paper S will denote a unique 
Sylow 2-group of Nc(Q). Note that S is in fact a Sylow 2-group of G, and 
m, = q2 + 1 in (5.22). 
(6.1) Let Tl be a conjugate of T in G. If Tl contains an involution of U, , 
then either Tl = T or Tl n T C U, . 
CHARACTERIZATION OF UNITARY GROUPS 229 
Proof. Suppose that TI # T. By (5.8) no involution of TI n T is con- 
jugate to an involution of 2. Therefore TI n T C U, by (5.23) and (5.18). 
(6.2) The factor group S/E is elementary abelian. Moreover, E = [S, S] and 
No(E) = ~~69 
Proof. By (5.19) and (5.26) it is clear that E is the union of q + 1 con- 
jugates of Z(Q) in NG(S) and S is the union of q + 1 conjugates of Q in NG(S). 
Since Z(Q) = [Q, Q] and the factor group Q/Z(Q) is elementary abelian by 
(3.3), this yields that EC [S, S] and S/E is elementary abelian. Hence we 
have E = [S, S]. In particular E is characteristic in S, and NG(S) C No(E). 
By (5.8) it is clear that N,(E) C NG(T). Since no element of E - U, is 
conjugate to an element of U, , the subgroup U, is characteristic in E. Hence 
we have N,(E) Z No(T) n No(UJ. By (5.21) this yields that No(E) C No(S), 
and N,(E) = No(S). 
(6.3) Let u be an involution of E - U, . Then Co(u) n C,( U,) is a conjugate 
of Q in No(S). 
Proof. As shown in (6.2), the subgroup E is the union of conjugates of 
Z(Q) in No(S). It follows from (5.4) that there is an element x of No(S) such 
that u E Z”. Hence the assertion follows from (5.2). 
(6.4) Let z be an involution of U, and v be an involution of T - E. Then 
C&> n C&4 and C&4 n NG(u4) are 2-closed with Sylow 2-group T. 
Proof. By (5.15) the set T - E is contained in the union of conjugates of 
VinS,and Pn V = Z(Q)f or any x in S - Q. Hence C,(v) = Co(v) = T. 
It follows from (5.9) that any Sylow 2-group of G which contains T normalizes 
T. Hence S is the only Sylow 2-group of C,(z) which contains T by (5.25). 
This yields that T is a Sylow 2-group of C,(v) n C,(x). Suppose that Tl is a 
conjugate of T in C,(v) n C,(z). Then TI contains both z and v, which 
implies that TI = T by (6.1). Th’ p is roves the assertion for C,(v) n C,(x). 
Since N,(T) n NG(U4) = No(S) by (5.21), the similar argument can be 
applied for C,(v) n NG( U,). 
(6.5) We have 
N,( U,) = N&J,) = T. 
Proof. It follows from (3.5) that No(U,) = T, and q conjugates of U, 
in Q are contained in V. Hence there are at least q2 conjugates of U, in S by 
(5.15). Thus this assertion holds. 
(6.6) Let u be an involution of Q - T. Then C,(u) is of order q4. Moreover, 
C,(u) = U and C,(u) = Z(Q). 
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Proof. By (3.12) we have 1 N&Q): C,(u) n Nc(Q)I = q2(q - 1). Since 
Nc(Q) is a-closed with Sylow 2-group S by (5.12), this implies that 
C,(u) is of order q4. The second assertion is a restatement of (3.7). 
(6.7) All involutions in S - T are conjugate in NG(S). Moreover, all involu- 
tions in S - T are conjugate to one involution of T. 
Proof. By (5.26) the group S is the union of conjugates of Q in Nc(S). 
Hence the first assertion is a consequence of (3.12). 
Suppose that the second assertion is false. Then no involution in S - T 
is conjugate to an involution of T. The following steps yield the contradiction. 
(i) Cc(z) C Nc(S) for any involution z of U, . 
Let x be an element of C,(z). Consider an involution u of 2 and an involu- 
tion v of U, . Then the elements ux and v are contained in Cc(x) and they are 
not conjugate in C,(z). Hence there is an involution w of C,(z) which satisfies 
(4.1). Since w is contained in C,(v) n Cc(z), the involution w is an element of 
T by (6.4). Moreover, w is contained in Cc(@) n Cc(x), hence it is an element 
of Q by (5.2). Since no involution in Q - TX is conjugate to an element of T, 
this yields that w E TX n T. But the element z is contained in TX, hence we 
have either TX = T or TX n T C I?J,~ n U, by (6.1). Suppose that we have 
TX n T C U4x n U, . Then the involution wux is contained in (ZU,)“, and it 
is conjugate to an involution of 2 by (5.4). The involution WV is contained in 
U2U4 , hence it is conjugate to an involution of Z by (3.11) and (5.4). But this 
contradicts (4.1). Therefore x is contained in N,(T). This shows that 
C,(z) C No(T). Th is implies that C,(x) C N,(S) by (5.25). 
(ii) TX n T = T or 1 for any x of G. 
If TX n T contains an element conjugate to an involution of Z, then 
TX = T by (5.8). If TX n T contains an element conjugate to an involution 
of U, , then both TX and T are contained in a conjugate of S by the part (i), 
which implies that TX = T by (5.9). 
(iii) Let x be an element of G - N,(T). Consider an involution u 
of Z, and an involution x of U, . Since ux and x are not conjugate in G, there 
is an involution w of Cc(uz) n C,(z) which satisfies (4.1). By the part (i) 
the involution w is contained in S. Since Cc(uz) = Hx, no involution of 
&(u*) - TX is conjugate to an involution of T. By the part (ii) this implies 
that w E S - T. Hence wz is contained in S - T, and it is not conjugate 
to any element of T. But this contradicts (4.1). This proves the assertion. 
(6.8) There are exactly two conjugate classes of involutions in G. In particular 
1 No(Z): H 1 = q - 1 and 1 N,(S)1 = q6(q2 - I)(q - 1). 
Proof. Let u be an involution in Q - T. By (6.6) the subgroup C,(U) 
is of order 4” and CT(u) = Z(Q). Hence it follows from (6.7) that C,(u) is not 
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a Sylow 2-group of C,(u), and there is an element x of G such that C,(U) n S” 
is a Sylow 2-group of C,(U) which contains C,(U). Clearly, S” # S and 
S = C,(u)?“. Hence T is not contained in Sx, and TX # T by (5.9). Moreover, 
Z(Q) C Sz n T and no element of Z(Q) - U, is conjugate to an involution 
of U, . Therefore from (6.7) and (6.1) it follows that TX n T = U, and 
Z# c Sx - T”. This implies that all involutions of S - T and all involutions 
of Z are conjugate to x3( 1). Hence each involution of S is conjugate to either 
x3(1) or q(l) by (5.16). This proves the assertion. 
(6.9) The group No(U,) is not 2-closed, and each involution in S - T is 
conjugate to x3( 1) in NG( U,). 
Proof. We will continue the proof of (6.8). 
The center Udx of S” centralizes both Z(Q) and u. Hence it follows that 
Uax CQ n C,(u) = U by (5.2) and (6.6). Since U n T = Z(Q), no element 
of U - U, is conjugate to an element of U, . This yields that Uax = U, . 
Hence x E No( U,) and i’Vc( U,) # No(S). Now the assertion follows from 
(6.7), since Z# C Sx - TX. 
(6.10) Let z be an involution of U, . Then 
Proof. We will use an argument similar to that in the part (i) of (6.7). 
Let x be an element of C,(z). Consider an involution u of Z and an involu- 
tion v of lJ, . Then the elements ux and v are not conjugate in C,(z). Hence 
there is an involution w of C,(z) which satisfies (4.1). As in (6.7), the 
involution w is contained in both T and Q. If w is contained in T”, then the 
same argument as in the part (i) of (6.7) yields that TX = T. Hence we have 
x E Nc( U,) by (5.25). Suppose that w is contained in Q2” - TX. Then it 
follows from (6.9) that w E Zqz for some y in No( U,). The intersection Tus n T 
contains the involution w which is conjugate to an element of Z. Hence we 
have yx E No(T) by (5.8). Moreover, Uy n U, contains the involution z, 
which implies that yx E No(UJ by (5.25). This yields that x E NG(U4). 
Therefore the assertion holds. 
(6.11) Let x be un element in No( U,) - No(S). Then the following reZations 
hold. 
(i) Sx n T = E, S n TX = Ex, S = TEx, 
(ii) SnSs=EEz,EnEx=TnT~=U,,and 
(iii) iY = Ug for some y in No(S). 
Proof. By (5.21) the element x does not normalize T. Hence we have 
TX n T = U, by (6.1). If Sx n T $ E, then Sx - TX contains an involution 
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conjugate to an involution of U, by (5.18). But this contradicts (6.9). Hence it 
follows that Sx n T C E. 
Consider an involution z of Z and an involution v of Ua . The involutions zx 
and v are contained in NG(U4) and they are not conjugate in Nc(UJ. Hence 
there is an involution w of NG(U4) which satisfies (4.1). By (5.2) the group 
COW n NG(U4) h as a normal Sylow 2-group p, and by (6.4) the group 
Cd4 n NG(U4) h as a normal Sylow 2-group T. Hence w is contained in 
p n T. Suppose that Q n T = U, . Then wP is contained in Z(Q)“, and 
it is conjugate to an involution of 2 by (5.4). By (3.11) and (5.4) the involution 
WV is also conjugate to an involution of 2. But this contradicts (4.1). Hence we 
have U4$pn TCE. 
Let u be an element in (p n T) - U, . Since u is an involution in E - U, , 
it follows from (6.3) that C,(u) n C,( U,) = Q” for somey in Nc(S). On the 
other hand, u is an involution of p - TX, and Sx _C Co(U,). Applying (6.6) 
for Sx, therefore, we have 
Q* n p = Ux, Qy n TX = Z(Q)“, / Qy n Sx / = q4. 
Hence we have Q” = TZ(Q)", which implies that j Sx n T / = q3. This 
yields that Sx n T = E and Sx n S is of order q5. 
Since any involution in Q” - T is contained in UY by (3.7), we have 
Ux = Ug and T n p = Z(Q)“. 
Since Sx n T = E for any x in No( U,) - Nc(S), by substituting x-l 
instead of x we have Sx-’ n T = E, and S n TX = Ex for any x in 
Nc( U,) - No(S). The assertion now follows from these facts. 
(6.12) The group No(T) splits over T. 
Proof. The subgroup T is an abelian normal subgroup of No(T). Hence, 
by Gaschiitz [6], it suffices to show that S splits over T. Let x be an element of 
NG(U4) - No(S). Then S = TEx and T n Ex = U, by (6.11). We have 
E=UsU4andU3nU4==l.HenceS=TU3xandTnU3x=l. 
(6.13) Define D to be the intersection of two distinct Sylow 2-groups of 
No( U,). Then D is the maximal normal 2-subgroup of NG( U,). Moreover, 
(i) U C D and D = EE= for any x of No( U,) which is not contained 
in No(s), 
(ii) U, is a complement of D in S, and U, is the commutator group of D, 
and 
(iii) No(D) = No( U,), and No( U,)/D is a (TI)-group with an elementary 
abelian Sylow 2-group of order q. 
Proof. Let D = S n S, for some Sylow 2-group S, of Nc( U,) different 
from S. By (6.11) any Sylow 2-group of Nc( U,) contains all conjugates of E 
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in No( U,), and D has order q5. This implies that D = S n Sx = EEx for 
any x in No( U,) - NG(S) and D is the intersection of any two distinct Sylow 
2-groups of No( U,). In particular D is the maximal normal 2-subgroup of 
NG( *d 
By (6.11) we have S = TD and T n D = E. But U, is a complement of 
E in T. Hence U, is a complement of D in S. 
Again by (6.11), for any x in NG(U4) there is an element y of No(S) such 
that U = iYx. Thus U is contained in S” for any x in No( U,), which implies 
that U c D. Hence D contains UE, and we have [D, D] 3_ U, by (2.2). 
From (6.11) it is easy to see that D/E is isomorphic to S/T, which is elemen- 
tary abelian by (5.27). Since there is a conjugate Er of E in No( U,) such that 
D = EE, and E n El = U,, , it follows that D/U, is elementary abelian. 
Hence we have U, = [D, D]. Thus U, is characteristic in D, and No( U,) = 
N,(D). This proves (6.13). 
(6.14) Every 2-element of NG(U4) normalizes U. 
Proof. It follows from (6.11) that for any element x of No( U,) there is some 
y in No(S) such that U = uYx. Since No(Q) normalizes U by (3.9), the group 
S normalizes Uy. Hence Sx normalizes U. Hence the assertion holds. 
(6.15) Let x be an element of S. If x2 E U, , then either x E T or x E D. 
Proof. The subgroup S is the union of conjugates of Q in No(S) by 
(5.26), and No(S) = NG(T) n N,(D) by (5.21) and (6.13). Hence we may 
assume that x is an element of Q such that x2 E 73, . By the structure of Q, it is 
easy to see that x E T or x E EU. The assertion follows from (6.13). 
(6.16) The group NG( U,) splits over D. 
Proof. By (6.13) the subgroup U, is a complement of D in S, and D/U, is 
an abelian normal subgroup of No( U,)/U, . By Gaschiitz, therefore, this is a 
subgroup Ml such that NG( U,) = DIM, and D n Ml = U, . The factor 
group S n Ml/U, is elementary abelian since it is isomorphic to S/D. Hence it 
follows from (6.15) that S n Ml C T. This implies that S n Ml is elementary 
abelian, and it splits over U, . Again by Gaschiitz, U, has a complement M in 
Ml . Hence D has a complement M in No( U,). 
7. STRUCTURE IDENTITIES AND IDENTIFICATION OF G 
If we know the structure of C,(U,), then we may use [12, Theorem 21 to 
achieve our goal. On this stage, however, the determination of the structure of 
C,( U,) is not done. Instead of using [12, Theorem 21 directly, we will study 
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generators and relations for the group G, and define explicitly an isomorphism 
of G onto U,(q). 
Keeping in mind the two parabolic subgroups of U,(p) described in (2.7), 
we construct two involutions t and s and determine the structure of N,(T) 
and NG(U4). The maximal normal 2-subgroup D of NG(U4) which has 
properties of (6.13) plays an important role. Define B = No(S). By the 
Schur-Zassenhaus theorem [7, p. 2211, any two complements of S in B are 
conjugate in B, and there is a complement of S in B which contains J. After 
defining a specific complement K of S in B in (7.1) the letters D, B, and K 
will be fixed. Note that, by (6.9, we have 
I No(T)I = !-rv14 - l)(!? - 1) and I K I = (q2 - l)tn - 1). 
(7.1) Thegroup No(T) contains subgroups L and K which satisfy the following. 
(i) No(T) = LT andL n T = 1; 
(ii) L > K and K is a complement of S in B which contains J; 
(iii) L n Q = x,(F,); and 
(iv) L contains a normal subgroup L, of index q - 1 which is isomorphic 
to L2(q2). 
Proof. By (6.12) T h as a complement L, in No(T). Then the subgroup 
S n L, is a Sylow 2-group of L, and we have B n L, = No(S n L,) n L, . 
This implies that a complement of S n L, in Nc(S n L,) n L, is a 
complement of S in B. Therefore we may assume that L, contains a subgroup 
KI which is a complement of S in B containing J. 
Let w be an involution of Q n L, . Then w = x1(a) xs(r) x*(S) E U with 
a # 0 by (3.7). Let x = x3(p), where p is an element in F such that 
8 = a(p + ,Z). Th en x normalizes Q and J, and we have w” = x1(~) x3(y). 
Consider L = LIx and K = K,*. Then the subgroups L and K satisfy (i) and 
(ii). Now the subgroup Q n L contains wx, and J normalizes Q n L. Using 
(3.14) we can show that y = 0 and Q n L = x,(F,). This proves (iii). 
By the assumption (4) and (5.27), the group L is a (TI)-group with an 
elementary abelian Sylow 2-group of order 42. By [l 1, (4.2)], this implies that 
L contains a normal subgroup L, satisfying (iv). 
(7.2) The group No( U,) contains a subgroup M which satisjes the following. 
(i) No(U4) = MD and Mn D = 1, 
(ii) M > K, and 
(iii) M contains a normal subgroup MO of index q2 - 1 which is isomorphic 
to L,(q). Moreover, 1 No( U,): B 1 = q + 1. 
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Proof. Because of (6.13) and (6.16) an argument similar to (7.1) yields 
that NG( UJ contains a subgroup M satisfying (i), (ii), and (iii). Since MO has 
4 + 1 Sylow 2-groups, we have 1 No( U,): B ( = Q + 1. 
(7.3) We have 
N,(K) = 1. 
Proof. By (6.9) and (5.16) each involution contained in S is conjugate 
to either an element of 2 in G or an element of lJ, in No(T). For any involu- 
tion x of U, , the order of C,(z) n N,(T) is @(q2 - 1) by (5.23). The group 
H has order $(q2 - I), and H = C,(z) for any involution z of 2. These 
yield that C,(K) = 1. Now the assertion follows from the fact that N,(K) = 
C,(K). 
(7.4) De$ne W = S n L and P = K n L, . Then Wis an elementary abelian 
Sylow 2-group of L which contains x,(F,,), and P is a cyclic subgroup of order 
q2 - 1 which acts regularly on W#. 
Proof. This follows from the property of L2(q2) (cf. [ll, (4.3), (4.4)]). 
Note that W2 x,(F,) by (7.1) (iii). 
(7.5) The group K n MO is a cyclic group of order q - 1 which acts regularly 
on (S n M)+. 
The normal subgroup MO of M is contained in Co( U,), and M = M,K. 
Proof. The first assertion follows from the property of L,(q). The group 
MO is generated by two distinct Sylow 2-groups of MO . On the other hand, 
U, is the center of any Sylow 2-group of No(Up). Hence MO centralizes 
U, . By the Frattini argument it is easy to see that M = M,K. 
(7.6) There is a unique involution t in L, which satis$es the following. 
(i) t normalizes K and inverts P, 
(ii) K normalizes exactly two Sylow 2-groups Wand Wt of L, 
(iii) (tx,(1))3 = 1, and 
(iv) iV,( T) = (T, K, t, x1( 1)). 
Proof. This follows from [ll, (4.3), (4.4)]. There is an involution t in L, 
satisfying (i) and (ii). For this choice of t, a Sylow 2-group W of L, contains 
a unique involution w such that (tw)3 = 1. Since P acts regularly on W#, and 
W contains an involution x1(1) by (7.4), we may assume that t itself satisfies 
(i), (ii), and (iii). Then this involution t is unique. By the Frattini argument it 
is easy to see that L = L,K. Moreover, L, = (W, Wt). Hence assertion (iv) 
holds. 
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(7.7) The subgroups U, and U, are the only conjugates of U, contained in T 
which are normalized by K. Moreover, 
u, = u,t and U, = E n Et = lJ,t. 
Proof. Since T is self-centralizing by (5.7), the center Vat of St is con- 
tained in T and normalized by K. It follows from (5.25) that lJdt n U, = 1, 
since St # S. Let A be a conjugate of U, , # U, , contained in T which is 
normalized by K. By (5.18) and (5.23), we have A n E = 1, and A C Us U, by 
(3.15). Since A does not contain an involution conjugate to an element of 2, 
this implies that A = U, by (3.11). Hence we have U, = Uat, T = U,Et and 
U, n Et = 1. Thus En Et is of order q2 and, by (6.2), normalized by K. 
Therefore E n Et = U, by (3.16). This proves the assertion. 
(7.8) The subgroup S n M = U, . 
Proof. Let A = S n M. Then A is an elementary abelian subgroup such 
that A n D = An E = 1, which implies that A#C T-E by (6.15). 
Hence A C U,U, by (3.15). The group (K n MO) acts regularly on A#, 
normalizes U2 , and centralizes U, by (7.5) and (7.7). This yields the result. 
(7.9) There is a unique involution s in MO which satis$es the following. 
(i) s normalizes K and inverts K n MO ; 
(ii) K normalizes exactly two Sylow 2-groups U, and U2s of M; 
(iii) (sx~(~))~ = 1; and 
(iv) NG(u4) = <D, K s, x,(l)). 
Proof. This follows from [ll, (4.3), (4.4)]. By (7.8), the subgroup U2 
is a Sylow 2-group of M. Hence there is an involution s in MO which satisfies 
(i) and (ii). For this choice of s, a Sylow 2-group U, of MO contains a unique 
involution v such that (sv)~ = 1. Since K n MO acts regularly on U,# by 
(7.5), we may assume that s itself satisfies (i), ( ii ), and (iii). Then this involution 
s itself satisfies (i), (ii), and (iii). Then this involution s is unique. Since MO 
is isomorphic to L,(q), this subgroup is generated by U, and U2s. Moreover, 
M = M,K and NG(U,) = DM by (7.5) and (7.2). Hence assertion (iv) 
holds. 
(7.10) We have 
N,(K) n N,(4) = (K s>. 
Proof. Let x be an element of N,(K) n NG(U4). Then Sx is a Sylow 
2-group of NG( U,) which is normalized by K. Since S = DU, by (6.13), it 
follows from (7.9) (ii) that K normalizes exactly two Sylow 2-groups S and 
Ss of N,( U,). Hence we have Sx = S or 5’” = S”, which implies that x or 
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xs is contained in NG(S) n N,(K). By (7.3) this yields that x or xs is con- 
tained in K. Hence we have x E (K, s). The inverse inclusion is obvious. 
(7.11) The involution s transforms subgroups of S as follows. 
(i) s centralizes U, and normalizes U, and 
(ii) ES = WU, , Uss = Wand 2” = x,(F,). 
In particular D = EE’” = WO-3U, and S = TW = TD. 
Proof. Assertion (i) follows from (7.5) and (6.14). By (6.2) and (7.9)(i), 
the group K normalizes Es. Hence the elementary abelian subgroup Es n Q 
is normalized by J. From (3.7) and (6.13) it is clear that ES n Q = E” n U 
and Es n T = U, . Hence assertion (i) yields that ES n Q = (E n U)s = 
Z(Q)” = 2” x U, . By Maschke’s theorem [7, p. 661, there is a J-invariant 
subgroup A such that Es n Q = A x U, . Let x be an involution of A. 
Then x = xi@) x3(y) x*(S) with /I # 0. S ince J normalizes A, we have y = 0 
and A = (x1(@) ~~(018): 01 EF,} by (3.14). This implies that ES n Q = 
x,(F,) U, . Since W contains xr(FJ, it follows from (7.4) that WC Es and 
WU, = E*. By (3.16) this yields that W = U,$, and x,(F,,) = W n U = 
(U, n U)” = 2”. This proves (ii). 
(7.12) The group K is an abelian group of order (q2 - l)(q - 1). Moreover, 
K = P x J”, JrP, and J” = C,(W) = CK(t). 
Proof. For any involution w of W we have 1 K : C,(w)1 = q2 - 1 by 
(7.4). Since J centralizes U, , the group J” centralizes W by (7.1 l)(ii). Hence 
it follows that C,(w) = C,(W) = p and C,( U,) = J. By (7.7) the involu- 
tion t normalizes U, , hence t normalizes J. Moreover, the uniqueness of t in 
(7.6) yields that J” = C,(x,(l)) = C,(W) = Cx(t). This implies that J” is 
normalized by P and p n P = 1 = J” n J. Hence we have K = P x J”. In 
particular K is abelian. By considering the action of t on K, we can easily 
see that J c P. 
(7.13) Let R be a cyclic subgroup of P of order q + 1. Then R is centralized 
by s, and R = C,( U,U,). 
Proof. The subgroup R is a Hall subgroup of an abelian group K, hence R 
is the only subgroup of order q + 1 in K. Since S n M = U, by (7.8), it 
follows from (7.5) that 1 K : C,(v)1 = q - 1 for any involution v of U, . 
By the uniqueness of R this yields that C,( U,) 2 R. Hence we have C,(s) = 
C&,(l)) >_ R by the uniqueness of s in (7.9). Since t normalizes K and 
Udt = U, by (7.7), we have C&U,) 1 Rt = R by the uniqueness of R. 
From (7.5) it follows that C,(U,) = R x (K n MO) and C,(U,) = 
R x (K n MJ. Hence we have C,(U,U,) = R. This proves the assertion. 
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(7.14) Any element w of W commutes with wS. 
Proof. By (7.1 l)(ii) the subgroup 2 is normalized by J”. Since K C NG( U,), 
this yields that N,(Q) = N,(Z(Q)) Z NK(Z) 1 J x J”. Hence we have 
NK(Z) = J x J” because 1 No(S): NG(Q)I = 4 + 1. On the other hand, Us 
is normalized by K by (7.7). Therefore Us is the union of p + 1 conjugates 
Z’ of Z with Y E R. Since [a#‘,), Z] = 1, the assertion follows from (7.13) 
and (7.1 l)(ii). 
(7.15) The involution t of (7.6) is contuined in H, and t = n, . 
Proof. Since t normalizes Us by (7.7), there is an element Y of R such that 
Zt = 2’. Since R C P, the involution t inverts r, which implies that rt is an 
involution of L, satisfying (i), (ii), and (iv) of (7.6). The involution rt is also 
contained in Nc(Z), and rt EL, n H by (5.3). By (7.12) we have J C P, hence 
the involution rt inverts J. By the structure of H this yields that rt = hzn, 
for some h in J, and for some z in Z. Now the element h-4t is an involution 
of L, satisfying (i), (ii) and (iv) of (7.6). On the other hand, h-lrt = znr and 
(znlxl( 1))” = z, which implies that z E L, n T = 1. Therefore the involution 
n, is an involution of L, satisfying (i)-(iv) of (7.6). Hence the uniqueness of t 
yields that t = n, . 
(7.16) For any involution x of U, , we have C,(z) = C,(U,). Let x be an 
element of G. Then either Uax n U, = 1 or Uax = U, . 
Proof. By (7.13), (7.2) and (7.5) we have M,,R C C,(U,), M = M,,K, 
and 1 M : MO 1 = q2 - 1. Since the group J acts regularly on UJlqf, this yields 
that C,( U,) = M,,R and 1 NG( U,): C,( U,)l = q - 1. Hence the first 
assertion holds by (6.10). The last assertion follows from the same argument 
as that of (5.3). 
(7.17) If A is a conjugate of U, in G, then A = U, or D n A = 1. 
Proof. By (6.15) and (6.13) all involutions of S - Tare contained in D, 
and D n T = E. Hence from (6.9) and (6.2) it follows that no involution of 
D - U, is conjugate to an element of U, . Now the assertion follows from 
(7.16). 
(7.18) If a conjugate A of U, is not contained in T, then A centralizes one and 
only one conjugate of U, which lies in T. 
Proof. Let u be an involution of Z and v be an involution of A. Since they 
are not conjugate in G, there is an involution w in G which commutes with 
both u and v by (4.1). Hence w is contained in H and C,(A) by (7.16). 
Assume that w is conjugate to an element of U, . Since no involution of H - T 
is conjugate to an element of U, by (6.9), the involution w is contained in T. 
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Hence w is contained in Uax for some x in No(T) by (5.16) and (7.16). This 
implies that A C C,(w) = C,(U,“) by (7.16). Hence Uhx is a required con- 
jugate of U, . 
Assume that w is conjugate to an element of 2. Since w is an involution of H, 
there is an element h of H such that w E Q”. By (6.9) this implies that w E Tub 
for somey in NG( U,). The group C,( w is conjugate to H, and T is the unique ) 
elementary abelian subgroup of H of order q4 by (3.9). Moreover, the group 
C,(w) contains Tvh and A. Hence we have A C TYh by using (6.9). Since 
Ui” is contained in T and TYh, the subgroup Ul” is a required conjugate 
of u,. 
Suppose that A centralizes two conjugates A, and A, of U, which lie in T. 
Then A, and A, are conjugates of U, in No(T) by (5.16) and (7.16). From 
(6.4) and (7.16) it follows that C,(A,) n C,(A,) is 2-closed with Sylow 
2-group T. Hence ,4 must be contained in T. But this is a contradiction. 
(7.19) The group (t, sj is dihedral of order 8. Define N = (K, t, s). Then 
N/K is isomorphic to (t, s). 
Proof. By (6.9) and (7.7) the subgroups U, and U, are the only conjugates 
of U, contained in S which are normalized by K. By (7.6) and (7.9) the 
involutions t and s normalize K, which implies that N normalizes K. 
Let x be an element of N and consider the conjugate U4x of U, . By the 
above remark U4x is normalized by K. If U4x is contained in S, then U4x = U, 
or U4x = U, . Assume that U4x $ S. Then U4x is not contained in T, and the 
group U4x centralizes a unique conjugate A of U, which lies in T by (7.18). By 
the uniqueness, A is normalized by K. Hence it follows that A = U, or 
A = U, . If A = U, , then U4x is contained in C,( U,). It follows from 
(7.17) that DU4x is a Sylow 2-group of No( U,) which is normalized by K. 
Hence we have DU4x = Ss by (7.9)(ii). By the first remark this yields that 
U4x = Uzs since U4x is not contained in T. If A = U, = U4t, then the 
similar argument yields that U4x = U$. Hence there are four conjugates of 
U, in N : U, , U4t, Up, Uy. They are all distinct because [U, , U,S] # 1. 
Therefore the subgroup NN(U4) h as index 4 in N, and the element (ts)4 
normalizes U, and lJ4 . On the other hand, NN(U4) = (K, s) and 
NN(U4) n NN(U2) = K by (7.10). H ence it follows that 1 N : (K, s) 1 = 4 
and (t~)~ E K. Moreover, the element (t~)~ is inverted by both t and s. By 
considering the action of (t, s) on K, we obtain that (ts)4 = 1. This yields 
the assertion. 
(7.20) Let w be an involution of W. Then there is an element x of U, such that 
[w, X,(l)] = w%. 
In particular q(01) s = x3(~) for all (Y in F, . 
481/42/1-16 
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Proof. Let v = ~~(1). By (6.2) we have [S, S] = E = U,U, , hence we 
can write in a unique way that 
[w, v] = 24x with u E u, and ZE u,. 
By transforming both sides by s, we obtain 
[ws, VS] = usz. 
The relation (sv)~ = 1 of (7.9) yields that svs = vsv. Hence 
u% = [WS, vq = w%svw%sv. 
By (7.1 l)(ii) we have W = U, Z T. Since T is abelian, it follows that 
u”z = w*w[w, v] = w~wux. 
Using (7.14), we have 
usw = WQlE Wn u, = 1. 
Hence this yields that ws = u, and [w, v] = w%. By (2.2) we have [x1(~), v] = 
x3(~) x4(G) for OL in F, . This proves the assertion. 
(7.21) The action of J” on U,ZU, isgiven by 
xi(a)” = x&2or), 
where x = sh,(X)s. 
Dejke h(h) = h,(W) h,(h)s. Then U, is centralized by k(h), and for /3 and y 
in F, 
WY x2(B) X3(Y) W) = x2F4P) X3wv. 
Proof. The involution s centralizes U, by (7.1 l)(i). From (7.15) and (7.20) 
it follows that tx4(m) t = x2(a) and sxr(o1) s = x3(~). Considering the action 
of J on U, in (3.14), we can easily show the first relation. The action of k(X) 
can be proved by the first relation and the equalities in (3.14). 
(7.22) The following relations hold. 
th(h)t = h&V) h(X), 
sx2ws = x2(P) 44 S~2W1h 
where j3 = k2 # 0. 
Proof. The involution t centralizes J” by (7.12). Hence it is easy to show 
the first relation by using (2.4). Let x = hl(X)8, where /3 = X-2. Then we have 
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x-rxa(1) x = x&I) by (7.21). By (7.9)(iii) the relation sxa(1) s = x,(l) $x,(l) 
holds. Hence the second relation can be proved by considering the action of 
Jon U, in (3.14). 
(7.23) The group G is the union of the following eight double cosets. 
B, BsU, > BtW, BstU,W, BtsU,U, , BstsT, BtstD, BststS. 
In particular G = BNB. 
Proof. Let x be an element of G and consider the possible cases for Udx. 
If Uhx is contained in T, then it is either U, or Up for some w of W by 
(6.5) and (5.26). If Uax is not contained in T, then it centralizes a unique 
conjugate of U, contained in T by (7.18). Hence there are the following four 
possibilities for UJx. 
(i) U,x = U, . 
The element x belongs to No(UJ. Since 1 NG(U4): B / = q + 1 by (7.2) 
and the involution s is not in B, we have x E Nc( U,) = B U BsU, . 
(ii) Uax = Uzw for some w of W. 
Since U,t = U, , the element xwt belongs to Nc( U,). By (i) we obtain 
x E BtW u BstU,W. 
(iii) Udx $ T, but [U,“, UJ = 1. 
Since U,x is not contained in S, there is some element v of U, such that 
Udx C S*“. By (6.9) this implies that Udx C Tsv. Hence Uy’ C T and 
Ur’ # U, because sv normalizes U, . Using (ii) and (7.11)(ii) we obtain 
x E BtsUJJ, u BstsT. 
(iv) U,% $ T, but [U,“, U,“] = 1 with w E W. 
Since wt normalizes T, the group UiWt yields the case (iii). Hence 
xwt E BtsU,U, u BstsT. 
We have U,t = U, , and D = U,U,W by (7.11). Hence it follows that 
x E BtstD u BststS. 
The assertion follows from (i)-(iv). 
(7.24) Each of the double cosets of (7.23) is of the form BdS, , where d E(t, s} 
and S, is a complement of S IT Sa in S. 
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Proof. For each d of (t, s), the center of Sd is UJd, and S n Sd = 
Sd n C,( Upa). 
It follows from (6.5) that C,(U,) = N,(U,) = T. By (6.3) and (6.13) we 
have C,( Uss) = S n T8 = Es. Since T n ES = U, by (6.13) this yields that 
C,(Uit) = lJdt = U, . Hence (6.5) ’ pl’ rm ies that C,( U.$) = U, . Moreover, 
we have the relation (ts)4 = 1 by (7.19). Using (6.13) (7.7), and (7.11) it is 
now easy to show the following relations. 
S n Ss = D, S n St = T, 
S n Sst = SSt n T = Et = UJJ, , 
S n St8 = St= n ES = ES = U,W, 
S n SSts = (Ss n T)tS n Es = Eta n Es = TJ,s = W, 
S n Stst = StSt n u, = IJ 29 
SnSstst = SnP”Z U,n iZJ?S = U,n Uz8 = 1. 
The assertion follows from the fact that S = DU, = TW. 
(7.25) The eight double cosets of (7.231 decompose G as the union of the 
double cosets with respect to B. 
Proof. The group (t, s> normalizes K. Hence 
BdB = BdKS = BdK(S n Sd) S, = BKd(S n Sd) S, 
= B(S n W’) dS, = BdS, . 
To show that the eight double cosets are mutually disjoint, suppose that 
BdB = BdlB, where d and dl are in (t, s). Then for some x E B and y E S, 
we have d = xd, y. Hence we have S n Sd = (S n S%)v. By the relations 
shown in the proof of (7.24), this implies that d = dl . 
(7.26) Each element of G is expressible in just one way in the form 
x = bdy, 
where bEB, dE(t,s) andye&. 
Proof. By (7.25), it suffices to show the uniqueness. Suppose 
b,dly, = b,d,y,> 
where bi E B, di E (t, s), and yi E Sdi. By (7.25) we have dl = d, = d. 
It follows that 
b,‘b, = dyzy;‘d-‘. 
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Since B is 2-closed, this yields 
b,‘b, E B n dSdd-’ C S n dSJ1 = 1. 
Thus b, = b, and x1 = xa . 
(7.27) The group G is isomorphic to U,(q). 
Proof. Since L, is isomorphic to L,(q2), we identify L, with the group of 
2 x 2 matrices over F with determinant 1. Define 
P(P) = (“-I ,) and 4~) = (: J . 
According to (7.4) and (7.6) we may assume that under this identification 
P = Q(p): CLEF, CL # 01, 
%(l) = 41) and t=n,= 
1 
( 1 1 * 
Then for this choice we have 
and 
W = @W: I* EFI, 
J={f@):h~Fo, A #Oh 
R = {p(p): ji = p-l}. 
Since J is isomorphic to the multiplicative group of F, , there is an iso- 
morphism u of the multiplicative ofF, such that h,(h) = p(P) for all nonzero X 
in F, . Considering the action of Jon x,(F,) and the identification x1( 1) = w(l), 
we have that x1(X) = w(P) for all X ofF, where 00 = 0. On the other hand, the 
equality x1(~) x1(p) = zcr(~ + p) h o s Id f or all elements of F, . Therefore the 
map u is in fact an automorphism of the field F,, . Since this automorphism a 
can be extended to an automorphism of the extension field F, without loss of 
generality, we may assume that u is the identity automorphism of the field 
F, . Now we have 
W) = ~(4, xl(q = 4% 
1 t= 
( ) 1 ’ 
where X is a nonzero element of F, . 
We consider T to be a vector space of dimension 2n over GF(2) and then 
define the tensor product T* of F and T over GF(2), where q = 2” > 2. 
Regarding T as an Lo-module, we construct an FL,-module structure on T* 
as in (4.2). Then it follows from (4.2) that 
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as FL,-modules. For any subgroup A ofL, , define 
C,,(A)={m~T*:m.x=m for all x E A). 
Since Cr( W) = Z( TW) = U, , the dimension of a subspace Cr,( W) over F 
must be n. Hence we have 
T” N-f*M&JM,+i, 
1 
by an easy computation. We identify T with a subgroup of the additive group 
C’ Mi @ Mn+i. For each Mi @ M,+ , define the elements 
mil = (1, 0) 0 (1, O), mi2 = (1,O) 0 (0, 11, 
%3 = (0, 1) 0 (l,O>, mi4 = (0, 1) 0 (0, 1). 
Then the set {mij : 1 < i < n, 1 < j < 4} forms a basis for C’ Mi @ Mn+i 
over F, and relative to this basis we have Cr,( W) = C Fmi, . Hence 
(ii) x4(l) = t ffimil with 01~ in F. 
Define 
where e, = 2i-1. Since h,(h)-l x4(l) h,(A) = x4(k2) and x&?)~ = x,(/3), from 
(i) and (ii) it is easy to see that 
(iii) x4@) = (ho, 0, O), SEF‘3, 
x2(/3) = @to, O,P), BEF,. 
The easy computation yields the following relations in T* as an L,-module. 
By (iii) and (iv), the assertion of (7.20) yields that 
(4 w(a)” = (0, a, z, 0) for all 01 E F. 
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From (i)-(v) we have the relations 
(4 PW x2(B) 48) P(P) = x2hQ) %Wiw~ 
b+), a91 = ww>s %w% 
bJ(4, wwsl = %b’ji + %J, 
tw(y)2 = w(j2)s, 
PW WWP(PL) = ~~P-li+~s~ 
Since J” = C,(W) and the element R(X) defined in (7.21) is inverted by s, 
we have 
(b) k(h)-1 w(a) k(X) = W(h%), 
k(X)-1 w(y)S k(X) = W(k2y)S. 
Let p be an element ofF. Then there is an element h ofF, such that As = +. 
For these h and p, the element p(&-l) is contained in R. Since R is centralized 
by s, this implies that 
(4 SP(cL) s = P(P) W), where A2 = pp. 
By the structure of L, , the following relations hold. 
(4 44 69 = 4, + B), 
P(W 44 P(P) = 4P-24, 
tw(a)t = w(d) p(cc1) tw(cl), 
tmt = PW). 
Define a map from U,(q) into G which sends 
44 x2(B) %(Y) %(8) into W(“> x2(B) ww %(% 
Jzl(P) h2(3 into P(P) W), 
% into t, 
n2 into s. 
By (a)-(d), (7.19) (7.21), (7.22), (7.26) and (2.1)-(2.6), it is easy to see that 
this map is a homomorphism of U,(q) onto G. Since U,(q) is a simple group, 
this map is an isomorphism. This proves the assertion. We have completed 
the proof of Theorem 2. 
Note added in proof. The similar characterization for the case q = 2 can be found 
in the author’s article: A characterization of the simple groups U,(2) and L,(2) by a 
noncentral involution, J. Korean Math. Sm. 13 (1976), 65-77. 
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